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Abstract – The mechanisms of localization of Jahn–Teller deformations and vibronic wavefunc-
tions in isotope substituted dynamical Jahn–Teller systems are elucidated. It is found that the
localization in the trough is of potential type in the case of strong vibronic coupling, while it be-
comes of kinetic type in the case of intermediate and weak coupling. It is shown that the vibronic
levels in the linear E ⊗ e-problem remain double degenerate upon arbitrary isotope substitution
on the reasons similar to time reversal symmetry in which the role of spin is played by orbital
pseudospin.
Introduction. – The Jahn–Teller (JT) effect has at-
tracted much attention because it is not only one of the
intriguing topics in molecular physics [1, 2] but also cru-
cial to the optical and magnetic properties of point de-
fects, electronic properties of magnetoresistive mangan-
ites, fullerides, etc. [3–8]. The properties of these mate-
rials strongly depend on the nature of JT effect, whether
it is static or dynamic. In the study on the JT effect,
the structure of the adiabatic potential energy surfaces
(APES) plays a crucial role because it determines the dis-
tribution of the vibronic wavefunction and hence allows
to predict its localization at some distorted nuclear con-
figuration. Although this viewpoint has fundamental im-
portance in the JT problems, still other mechanisms of
localization exist, e.g., those induced by the isotope sub-
stitution in high symmetry JT molecules and fragments.
The isotope effect in JT systems has been observed in
the spectroscopy of several molecules [9–15]. In these
investigations, the isotope effect has been explained on
the basis of the favored JT distorted structures which
arise through the variation of zero-point vibrational en-
ergy [10, 14, 15]. However, no mechanisms of the isotope
induced localization of JT distortions have been estab-
lished so far. In this Letter we derive general features of
the transformation of vibronic states upon isotope substi-
tution and find the mechanisms of their localization.
(a)E-mail: Liviu.Chibotaru@chem.kuleuven.be
Isotope substituted E⊗e problem. – Consider the
simplest JT system with the trough in the ground APES
– the linear E ⊗ e problem (fig. 1) [1,2]. The linear E ⊗ e
JT Hamiltonian is
Hˆ0 =
∑
µ
(
1
2
Pˆ 2µ +
ω2µ
2
Q2µ
)
σˆ0 + VE (Qθσˆz +Qσˆx) ,
(1)
where µ indicates a normal mode, Qµ is the mass-weighted
normal coordinate for the mode µ, Pˆµ the conjugate mo-
mentum of Qµ, ωµ the frequency for the mode µ, VE the
vibronic coupling constant for the e mode, σˆ0 the 2×2 unit
matrix, and σˆx and σˆz the Pauli matrices. We consider
the harmonic Hamiltonian in eq. (1) includes not only the
e mode but also other modes such as totally symmetric a
modes. We also consider the system at rest, placed in the
center of mass reference frame and neglect the coupling
between the rotation and vibrations.
By isotope substitution, the mass of nuclei changes
while electronic states do not. In particular, the trough
at the bottom of the lowest APES will remain unchanged
(fig. 1). In the JT Hamiltonian (1), the mass of nuclei
appears in the kinetic energy operator. Using the Carte-
sian coordinates, the operator which expresses the isotope
p-1
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effect is written as
∆Tˆ =
∑
i,r
(
1
mi
− 1
m0i
)
pˆ2ir
2
σˆ0, (2)
where i indicates a nucleus in the system, r(= x, y, z) the
coordinate, m0i and mi the masses of nucleus i and its
isotope, respectively, and pˆir the momentum. The total
Hamiltonian of the isotope substituted system, Hˆ, is the
sum of eqs. (1) and (2).
Equation (2) is treated in two ways. First, we trans-
form the mass-weighted normal coordinates of the linear
JT system, Qµ, into those of the isotope substituted sys-
tem, qα. Compared with the linear E ⊗ e system, the
symmetry of the dynamical matrix of the isotope substi-
tuted system is lowered, and the normal coordinate for
mode α, qα, becomes a linear combinations of Qµ, and
vice versa: Qµ =
∑
α C
µ
αqα. Second, we treat eq. (2)
as a perturbation to Hˆ0 (1). The first approach is used
to derive the frequencies in the trough in the strong JT
coupling limit and to perform numerical calculation. The
second approach is used to derive analytically low-lying
vibronic states at strong JT coupling.
U
EJT
Qθ
Qϵ
ϕ0
ρ0
Upper APES
Lower APES
Trough
Q
ρ(cosϕ, sinϕ)
ϕ
Fig. 1: The APES of a linear E ⊗ e JT system. The dotted
circle indicates the trough. The coordinate Q tangential to the
trough at φ0 corresponds to the coordinate Q in fig. 2.
Isotope induced localization at strong JT cou-
pling. – In the strong coupling limit, one is justified
to apply the adiabatic approximation with respect to the
JT energy surfaces (fig. 1). The corresponding adiabatic
electronic states for the upper and the lower APESs, re-
spectively, are [1, 2]:
|ψ+(φ)〉 = cos φ
2
|θ〉+ sin φ
2
|〉, (3)
|ψ−(φ)〉 = sin φ
2
|θ〉 − cos φ
2
|〉, (4)
where φ is the angular nuclear coordinate describing the
active distortions: Qθ = ρ cosφ, Q = ρ sinφ (fig. 1). For
a fixed value of parameter φ in eq. (4), φ = φ0, the poten-
tial energy corresponding to the ground state electronic
function |ψ−(φ0)〉 will have a minimum at Qθ = ρ0 cosφ0,
Q = ρ0 sinφ0, where ρ0 is the radius of the trough (fig.
1), and zero value of other nuclear coordinates. This situ-
ation is depicted in fig. 2 by dashed line. Let us consider
infinitesimal distortions from this minimum point, δQµ.
In terms of these infinitesimal distortions the potential
energy operator becomes
Uˆ =
(
3EJT 0
0 −EJT
)
+
∑
µ
ω2µ
2
δQ2µσˆ0
+ 2VE(δQθ cosφ0 + δQ sinφ0)
(
1 0
0 0
)
+ VE (δQθ sinφ0 − δQ cosφ0) σˆx, (5)
where EJT = V
2
E/(2ω
2
E) is the JT stabilization energy,
and µ indicates all modes which appear in the harmonic
Hamiltonian in eq. (1). Note that the basis in eq. (5),
{|ψ+(φ0)〉, |ψ−(φ0)〉}, is different from that in eq. (1).
Because of the off-diagonal term of Uˆ , the frequency cor-
responding to the coordinate Q = δQθ sinφ0 − δQ cosφ0
will reduce to zero (fig. 2) which recovers the trough at
the lowest APES. In the harmonic approximation, it is
sufficient to include this off-diagonal term in the second
order of perturbation theory. The total harmonic poten-
tial energy at the point φ0 has the form
U = 〈ψ−(φ0)|Uˆ |ψ−(φ0)〉
+
∣∣∣〈ψ+(φ0)|Uˆ |ψ−(φ0)〉∣∣∣2
−4EJT (6)
=
∑
µ
ω2µ
2
δQ2µ −
ω2E
2
(δQθ sinφ0 − δQ cosφ0)2.(7)
Now let us consider the isotope effect. The isotope effect
is included in U by substituting δQµ =
∑
α C
µ
αδqα into eq.
(7).
U =
1
2
∑
αβ
δqαδqβ
[
ω˜2αδαβ − ω2E
(
Cθα sinφ0 − Cα cosφ0
)
× (Cθβ sinφ0 − Cβ cosφ0)] , (8)
where ω˜α is the vibrational frequency for mode α of the
isotope substituted system in the absence of JT coupling
(VE = 0). Diagonalizing the dynamical matrix whose el-
ement is the term in the square bracket in eq. (8), we
obtain the frequencies, Ωl, and the normal modes, u
(l)
α , in
the trough. This eigenvalue problem is written as∑
β
ω2E
(
Cθα sinφ0 − Cα cosφ0
) (
Cθβ sinφ0 − Cβ cosφ0
)
×u(l)β =
(
ω˜2α − Ω2l
)
u(l)α . (9)
If
∑
β(C
θ
β sinφ0 − Cβ cosφ0)u(l)β = 0, u(l)α becomes triv-
ial, i.e., u
(l)
α = 0 for all α. Therefore,
∑
β(C
θ
β sinφ0 −
Cβ cosφ0)u
(l)
β 6= 0 holds for the normal vibrational mode
p-2
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u
(l)
α . Multiplying (Cθα sinφ0 − Cα cosφ0)/(ω˜2α − Ω2l ) and
the both sides of eq. (9), and summing over α,[∑
α
ω2E
(
Cθα sinφ0 − Cα cosφ0
)2
ω˜2α − Ω2l
− 1
]
×
∑
β
(
Cθβ sinφ0 − Cβ cosφ0
)
u
(l)
β = 0. (10)
The term in the square bracket in eq. (10) is zero, which
is the equation for the frequencies in the trough:
∑
α
ω2E
(
Cθα sinφ− Cα cosφ
)2
ω˜2α − Ω2
= 1. (11)
It results from this equation that, in contrast to the linear
E⊗ e JT system, the isotope substituted system does not
have a zero-frequency mode. Furthermore, we can see that
the frequencies generally depend on φ because the numer-
ators of the left hand sides of eq. (11) are functions of φ.
Therefore, for the motion along the trough, warping of the
potential energy surface is induced through the zero-point
energy,
E0vib(φ) =
1
2
∑
l
}Ωl(φ). (12)
0
-EJT
U
Q
Fig. 2: The cross-section of the lowest APES of a linear
E ⊗ e JT system in the space of (Qθ, Q). The coordinate
Q corresponds to the tangential displacement to the trough at
the point φ0 (fig. 1). The dashed line is the harmonic po-
tential for the lowest APES in the electronic state |ψ−(φ0)〉,
U = 〈ψ−(φ0)|Uˆ |ψ−(φ0)〉. The solid line corresponds to the
potential which includes the vibronic admixture of the excited
electronic state |ψ+(φ0)〉 by the distortion Q.
In order to derive analytically the low-lying vibronic
states at strong JT coupling, we choose a triangular
molecule X3 with D3h symmetry as an E ⊗ e JT system
(X = H, D, Li, etc.). The irreducible representations of
the normal modes of X3 are a
′
1 and e
′. Replacing one of
the atoms X with its isotope Y, we obtain an isotopomer
with C2v symmetry. We treat eq. (2) as a perturbation
with C2v symmetry to eq. (1).
Hˆ = Hˆ0 +
λ
2
(
Pˆ 2A + Pˆ
2
θ + Pˆ
2
 + 2PˆAPˆθ
)
σˆ0, (13)
where Hˆ0 is the sum of the linear E ⊗ e JT Hamiltonian
and the Hamiltonian for the harmonic oscillator of the a′1
mode, and λ = −δ/[3(1 + δ)], δ = (m − m0)/m0. The
perturbation (2) is rewritten using the momenta of X3,
Pˆµ. The cross-term between PˆA and Pˆθ in eq. (13) appears
because the symmetry of the perturbation is C2v. In eq.
(13), we used A, θ, and  instead of A′1, E
′θ, and E′,
respectively, for simplicity of notation.
When λ is small and VE is large, the Hamiltonian for
the pseudorotation is derived as follows. In the derivation,
we omit constant terms and neglect terms of O(λ3) and
O(1/V 3E). First, diagonalizing the vibronic coupling term
from Hˆ0 in eq. (13), and applying the adiabatic approx-
imation, we obtain the Hamiltonian for the lower APES,
Hˆad [1, 2].
Hˆad =
1
2
[
(1 + λ) Pˆ 2A + ω
2
AQ
2
A
]
+
1
2
[
(1 + λ)
(
Pˆ 2ρ +
1
ρ20
Pˆ 2φ
)
+ ω2E ρ¯
2
]
+ λPˆA
[
cosφPˆρ − 1
2ρ0
(
sinφPˆφ + Pˆφ sinφ
)]
,
(14)
where Pˆρ = −i}∂/∂ρ − i}/(2ρ), Pˆφ = −i}∂/∂φ, ρ0 =
VE/ω
2
E , and ρ¯ is the displacement from ρ0, ρ¯ = ρ −
ρ0. Then, we perform the unitary transformation of the
Hamiltonian to remove from eq. (14) the third term lin-
ear in λ, e−iSˆHˆadeiSˆ . Finally, averaging the transformed
Hamiltonian by the ground vibrational state for the ra-
dial and the totally symmetric modes, the Hamiltonian,
Hˆφ, describing the motion along the trough coordinate, is
obtained as
Hˆφ =
1
2ρ¯20
Pˆφ
(
1− λ¯2 sin2 φ) Pˆφ − λ¯2(κ1 + κ2
ρ¯20
)
cos 2φ,
(15)
where ρ¯0 = ρ0/
√
1 + λ, λ¯ = λ/(1 + λ), κ1 =
}
√
1 + λωAωE/[8(ωA+ωE)], and κ2 = }2(3ω2A+5ωAωE +
3ω2E)/[16(ωA+ωE)
2]. Eq. (15) will be valid when the gap
of the rotational levels is several times smaller than the gap
of the vibrational levels, }ωE , i.e., λ2κ1  }ωE  EJT.
Although there are no barriers in the trough of APES en-
tering the vibronic Hamiltonian (13), we obtain in eq. (15)
a warped potential. This warping is a consequence of the
mixing of the vibrational states induced by the change of
the mass in the kinetic energy, leading to φ-dependent vi-
brational frequencies in the trough Ωl(φ) (eq. 11) and to
E0vib(φ) (12). The potential term and the kinetic term of
Hˆφ have two minima, which is consistent with the invari-
ance of E0vib(φ) and eq. (11) with respect to the rotation
by pi (φ→ φ+ pi).
The eigenstates ψ(φ) of eq. (15) have to satisfy the
boundary condition ψ(φ+2pi) = −ψ(φ) to fulfill the single-
valuedness of the total vibronic wavefunction. This sign
change comes from the Berry’s phase of the electronic state
p-3
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of the JT system [1, 2]. In addition, each level of Hˆφ is
obtained doubly degenerate. We discuss the origin of this
degeneracy later.
In the case of linear E⊗e problem (λ = 0), the Hamilto-
nian (15) describes the rotation of JT deformation in the
trough, with eigenenergies and eigenstates }2j2/2ρ¯20 and
eijφ, respectively, where j is a half-integer [1]. These eigen-
states are completely delocalized in the trough (fig. 1).
For small finite λ, eijφ mixes with ei(j±2)φ. Consequently,
the density corresponding to these vibronic eigenstates de-
pends on φ:
|ψj(φ)|2 = 1
2pi
[
1− ρ¯
2
0 (∆kin + ∆pot)
}2(j2 − 1)(1− λ¯2/2) cos 2φ
]
. (16)
Here, ∆kin = λ¯
2}2j2/4ρ¯20, and ∆pot = λ¯2(κ1 + κ2/ρ¯20).
∆kin and ∆pot are the amplitudes of the variation of the
kinetic and potential terms in the trough (both propor-
tional to cos 2φ). The densities of the ground (|j| = 1/2)
and first excited (|j| = 3/2) states are concentrated at
φ = 0, pi and φ = ±pi/2, respectively.
Kinetic vs potential localization. – The localiza-
tion of vibronic wavefunction along the trough is deter-
mined by the amplitudes ∆kin and ∆pot. Although both
∆kin and ∆pot appears from the change of mass, they
have different physical meanings. As described above,
∆pot is essentially the same as E
0
vib(φ) (eq. (12)). On
the other hand, ∆kin is characterized by the rotational
quantum number j (see the formula after eq. (16)). In
order to assess the relative importance of the two mech-
anisms into the localization, it is interesting to analyze
the ratio of the kinetic amplitude to the potential one.
The relation between the contribution of the kinetic term,
∆kin/(∆kin + ∆pot), and the dimensionless vibronic cou-
pling constant gE(= VE/
√
}ω3E) is shown in fig. 3. We
put ωA = ωE for simplicity. Since ∆kin and ∆pot de-
pend on δ, we show both the cases of the largest δ(= 2)
and the smallest δ(= −2/3), which correspond to the re-
placement of hydrogen atom (H) by tritium atom (T) and
the opposite, respectively. The contribution of the kinetic
term decreases as gE increases, and in the strong coupling
limit (gE →∞) the kinetic term vanishes (∆kin → 0). In
the weak coupling limit (gE → 0), ∆kin/(∆kin + ∆pot)→
j2/(j2 + 4κ2/}2). As fig. 3 shows, in the ground vibronic
state (|j| = 1/2) the contribution of the potential term
is dominant in the whole range of gE (localization of po-
tential type). On the other hand, in the excited states
(|j| = 3/2, 5/2, · · · ) the mechanism of localization depends
on gE . When gE is smaller than a certain value, the con-
tribution of the kinetic term exceeds that of the potential
term (the mechanism becomes of kinetic type). To con-
clude, in the strong coupling limit the mechanism of the
localization is of potential type, while in the case of the
weak (g2E/2 ≤ 1) or intermediate coupling (1 ≤ g2E/2 ≤ 5),
the localization is of kinetic type.
One should mention the role of the Berry’s phase in the
observed localization. In a linear E ⊗ e JT system, if the
0
0
1
3/2
9/2 
gE
Δ
k
in
/(
Δ
k
in
+
Δ
p
o
t)
1
2
7/2
1 2
1/2
5/2
3 4 5 6
Fig. 3: The kinetic contributions to the localization,
∆kin/(∆kin + ∆pot), for the states with j = 1/2, 3/2, · · · , 9/2.
The grey dashed and solid lines correspond to the replacements
of H→ T and T→ H, respectively. When ∆kin/(∆kin+∆pot) >
1/2, the kinetic term is more important than the potential
term, and vice versa. The horizontal dotted line indicates the
boundary ∆kin = ∆pot, the vertical blue dotted line (g
2
E/2 = 1)
separates the weak and intermediate coupling regions, and the
vertical red dotted line (g2E/2 = 5) separates the intermediate
and strong coupling regions.
Berry’s phase is ignored, ψ(φ + 2pi) = ψ(φ), the ground
and first excited vibronic states would correspond to j = 0
and |j| = 1, respectively [16]. The density distribution
along the trough in the ground state of the isotopomer
is obtained from eq. (16) by substituting j = 0. Since
∆kin = 0 for j = 0, the kinetic term does not contribute
to the localization. Furthermore, |1/(j2 − 1)| in the right
hand sides of eq. (16) with |j| = 1/2 is larger than that
with j = 0. Therefore, the Berry’s phase enhances the
localization of the ground vibronic wavefunction. With
the isotope substitution, the first excited vibronic levels
(|j| = 1) [17] split and these eigenstates are approximately
written as cosφ and sinφ, respectively. The density of the
lower state cosφ has maxima at φ = 0 and pi, which is the
opposite to the correct one.
When the linear vibronic coupling is strong, the
quadratic coupling term, (WEV
2
E/ω
4
E) cos 3φ, is also im-
portant [1, 2]. Since the positions of the minima of the
quadratic term is different from those induced by the
isotope effect, the distribution of the vibronic state de-
pends on the strength of VE . When WEV
2
E/ω
4
E > ∆kin +
∆pot, the distribution of the localization is characterized
by the quadratic coupling term. In the opposite case,
WEV
2
E/ω
4
E < ∆kin + ∆pot, the localization due to the iso-
p-4
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tope substitution is dominant. Thus, the isotope effect is
expected to be important in the region of the weak and
intermediate vibronic coupling.
“Orbital inversion” symmetry. – Despite the
warping of the trough, the tunneling splitting of the de-
generate levels of Hˆφ is not observed. This degeneracy is
not specific to the approximate Hamiltonian (15) but is
a general property of the vibronic states of the vibronic
Hamiltonian (13). To prove the degeneracy, we introduce
a unitary operator pˆi defined by
pˆi = σˆy exp
[
ipi
(
NˆA + Nˆθ + Nˆ
)]
, (17)
where Nˆµ is the number operator of the vibrational quanta
of the mode µ, and σˆy the Pauli matrix. pˆi is analogous
to the operators P of Leung and Kleiner [18] and Pˆ of
Bersuker and Polinger [1] for the linear E⊗e JT problem.
pˆi commutes with σˆy and anticommutes with Pˆµ, Qµ, σˆx,
and σˆz, therefore, [Hˆ, pˆi] = 0. If |Ψ〉 is an eigenstate of
Hˆ, then |pˆiΨ〉 is also the eigenstate belonging to the same
eigenenergy. |Ψ〉 and |pˆiΨ〉 are different from each other
because the irreducible representation of pˆi is b1. If |Ψ〉
is a1(b1), then |pˆiΨ〉 is b1(a1). Thereby, |Ψ〉 and |pˆiΨ〉 are
degenerate eigenstates which are orthogonal to each other.
The eigenvalue of pˆi is ±1 and the eigenstate is written as
|Ψ±〉 = (|Ψa1〉 ± i|Ψb1〉)/
√
2. Here, |Ψa1〉 and |Ψb1〉 are
degenerate vibronic states whose representations are a1
and b1, respectively. Therefore, we can regard pˆi as a parity
operator in the space of the vibronic states, resembling
the time reversal operator acting on two wavefunctions of
a Kramers doublet [19], in which spin should be replaced
by orbital pseudospin τ = 1/2.
The two-fold degeneracy of each vibronic level of an iso-
tope substituted JT system is lifted in several cases. First,
the existence of the conical intersection is necessary for the
degeneracy. If we add Vˆ = ∆σˆz (∆ is real) to Hˆ to remove
the conical intersection, the degeneracy of the vibronic
state is lost because [pˆi, σˆz] 6= 0 and the Hamiltonian does
not have the parity symmetry. Second, quadratic (and
even order) JT coupling removes the degeneracy of the vi-
bronic level of isotope substituted system. The quadratic
coupling is not invariant under the operation pˆi because
[pˆi, QµQν ] = 0, [pˆi, σˆx] 6= 0, and [pˆi, σˆz] 6= 0. The degener-
acy of the vibronic level of a linear E ⊗ e JT system does
not lift completely by the quadratic coupling, while in the
case of isotope substituted system the degeneracy is lost
completely. And finally, zero coupling to the totally sym-
metric mode in the Hamiltonian is relevant. If eq. (1) has
nonzero coupling to the A mode, the Hamiltonian of the
isotopomer has a term Vˆ = VAQAσˆ0 which does not com-
mute with pˆi. Here, VA is the vibronic coupling constant
for the A mode.
Numerical Calculation. – To confirm our analyti-
cal results on the isotope induced localization (eq. (16)),
we calculate the vibronic states numerically diagonalizing
the vibronic Hamiltonian of X2Y trinuclear system. Ow-
ing to the reduction of the symmetry from D3h to C2v,
the a′1 and e
′ modes mix because a′1 ↓ C2v = a1 and
e′ ↓ C2v = a1 ⊕ b1. Consequently, the doubly degenerate
electronic state couples to the two a1 modes and the b1
mode.
Hˆ =
∑
α
1
2
(
pˆ2α + ω˜
2
αq
2
α
)
σˆ0
+
2∑
i=1
VEC
θ
a1(i)
qa1(i)σˆz + VEC

b1qb1 σˆx. (18)
Here, α = a1(1), a1(2), b1, and pˆα the conjugate mo-
mentum of qα. The vibronic basis is a set of the prod-
ucts of the electronic states |γ〉 and vibrational states
|na1(1), na1(2), nb1〉, {|γ〉|na1(1), na1(2), nb1〉; γ = θ, , 0 ≤
na1(1) + na1(2) + nb1 ≤ 30}. Parameters for the calcu-
lation are as follows: gE = 3, ωE = 1, ωA = 1.3, and
δ = 1.
The densities |〈Qθ, Q|Ψ〉|2 of the ground and first ex-
cited vibronic states are shown in fig. 4. The densities of
the (a) ground and the (b) first excited states are local-
ized around φ = 0, pi and φ = ±pi/2, respectively. These
distributions agree with the analytical results (16). The
densities of the (c) a1 and (d) b1 vibronic states are equiv-
alent to each other after the rotation by pi. This clearly
indicates that there is no tunneling splitting.
Other Jahn–Teller system. – Similar isotope ef-
fects can be observed in other Jahn–Teller systems. How-
ever, the effects in the triangular and other molecules
should be different from each other. In the case of the
triangular molecule, λ in eq. (13) does not depend on the
modes, while it does for other molecules. For example, in
the vibronic Hamiltonian of an octahedral molecule, λ’s
for the θ and  modes are not the same. In this case, this
isotope effect is expected to be much stronger than that of
X3. Moreover, the distribution of the density will depend
on the sign of δ.
In real molecules, the quadratic vibronic coupling con-
stant WE is finite, and the degeneracy of each level is lifted
by isotope substitution. As long as the vibronic coupling
is weak or intermediate, the splitting of the ground vi-
bronic level due to the quadratic coupling is expected to
be smaller than the gap between the ground (|j| = 1/2)
and first excited (|j| = 3/2) vibronic levels of the linear
vibronic system. Thus, the splitting of the ground lev-
els could be experimentally observed with an appropriate
method. So far, the splitting of the ground vibronic levels
of deuterated cyclopentadienyl radical has been reported
[11, 20]. Since the splitting cannot be seen as long as the
Berry’s phase is not taken into account, the observation
of the splitting is a direct experimental evidence of the
existence of the Berry’s phase in the isotopomers of this
molecule.
Conclusions. – We studied the isotope effect on the
dynamical JT system. The mechanisms of localization
p-5
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(b) (a)
Qθ
0-2-4 2 4
Qθ
0-2-4 2 4
0
-2
-4
2
4
Qε
0
-2
-4
2
4
Qε
(d) (c)
Fig. 4: The densities of (a) one ground and (b) one first excited
complex vibronic wavefunctions, and the (c) a1 and (d) b1 real
vibronic wavefunctions in the ground state. The calculations
are done for gE = 3, ωE = 1, ωA = 1.3, and δ = 1. The
densities of the white areas are the largest and those of the
dark blue the smallest. The smallest value, the largest value,
and the spacing on the contours of the plots (a) and (b) are
0.002, 0.016, and 0.002, respectively. Those for (c) and (d) are
0.005, 0.030, and 0.005, respectively.
of JT deformations and vibronic wavefunctions in isotope
substituted systems are elucidated. It is found that the
localization in the trough is of potential type in the case
of strong vibronic coupling, while the localization of the
excited states becomes of kinetic type in the case of inter-
mediate and weak coupling. It is shown that the vibronic
levels in the linear E⊗e-problem remain double degenerate
upon arbitrary isotope substitution because of an “orbital
inversion” symmetry of the vibronic Hamiltonian.
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